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A generalization of the Bogoliubov transformation is developed to describe a space compactified 
fermionic field. The method is the fermionic counterpart of the formalism introduced earlier for 
bosons (J. C. da Silva, A. Matos Neto, F.C. Khanna and A.E. Santana, Phys. Rev. A 66 (2002) 



Qh. 052101), and is based on the thermofield dynamics approach. We analyze the energy-momentum 



tensor for the Casimir effect of a free massless fermion field in a <i-dimensional box at finite temper- 
ature. As a particular case the Casimir energy and pressure for the field confined in a 3-dimensional 
parallelepiped box are calculated. It is found that the attractive or repulsive nature of the Casimir 
pressure on opposite faces changes depending on the relative magnitude of the edges. We also 
determine the temperature at which the Casimir pressure in a cubic box changes sign and estimate 
its value when the edge of the cube is of the order of the confining lengths for baryons. 
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I. INTRODUCTION 



In order to calculate the partition function for a quantum field, the Matsubara prescription 
is equivalent to a path-integral calculated on R D ~ l x S 1 , where S 1 is a circle of circumference 
(3 = 1/T. This non-trivial result was demonstrated by Polchinski Q at the one- loop level 
and has been assumed in higher order 2|. Under this perspective, taking Euclidian theo- 
ries, the Dolan and Jackiw approach jjj can be a useful method to perform calculations for 
confined (bosonic or fermionic) fields, and according to the Matsubara formalism the bound- 
ary conditions over the fields are those consistent with the so called KMS (Kubo, Martin 
and Schwinger) conditions, stating periodic (antiperiodic) conditions for bosons (fermions). 
Such a topological result has actually been generalized to treat different physical situations in 
which fields are confined in higher space dimensions, considering the Matsubara mechanism 
on a R D ~~ N x S 11 x S l2 ...x S 1n topology, describing time (temperature) and space confinement 



HQ. 



Along the same lines, but considering the thermofield dynamics f 




ormalism, 
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which is an operator formalism equivalent to the Matsubara approach [3, El 
for systems in equilibrium, a generalization of the Bogoliubov transformation has been in- 
troduced to deal with confined boson fields in space coordinates at finite temperature, being 
an effective tool to derive different aspects of the Casimir effect for the electromagnetic field 
confined between two plates In this context one interesting physical result is brought 
about: the Casimir effect is described by a process of condensation of the field, thus shedding 
a new light on the nature of the quantum vacuum and the origin of the Casimir effect. In 
this paper we extend this approach introduced for boson fields in Ref. ^| to fermion fields, 
and we apply it to the Casimir effect of a free massless fermionic field between two plates, 
in a wave-guide and in a box. 

In the realm of the quantum field theory, the Casimir effect was first proposed as a result 
of the vacuum fluctuation of the electromagnetic field confined between two plates with 
separation L, defined by the Dirichlet boundary conditions. The effect was an attractive 
force between the plates given by the negative pressure P = — 7r 2 /240L 4 (we use natural 
units: h 



geometries , fie 
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- 1) [15]. Over the decades, the Casimir effect has been applied to different 
ds and ph ysic al conditions, enjo ying a remarkable popularity 
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context of microelectronics 
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331 ] and raising interest, in particular, in the 



as a practical tool for switching devices. 
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371 ] who presented an alternative 



The effect of temperature was first studied by Lifshitz 36 
derivation for the Casimir force, including an analysis of the dielectric nature of the material 
between the plates. Actually, the effect of temperature on the interaction between the 



conducting parallel plates may be significant for separations greater than 3/xm (38, 
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43J. For this physical set-up of plates, the full analysis of the thermal energy- momentum 
tensor of the electromagnetic field was carried out by Brown and Maclay performing the 
calculation of the Casimir free-energy by usin g th e Green's function (the local formulation) 



written in a conformally invariant way |23l. 145 . 4f|- One of our proposal here is to derive the 



fermionic counterpart of the Brown and Maclay's formula, but for a more general situation 
of confinement: we consider not only the two plates, but also the case of confinement within 
a d- dimensional box. 

Casimir effect for a fermionic field is of interest in considering, for instance, the structure 
of proton in particle physics; thus its physical appeal. In particular, in the phenomenological 
MIT bag model j^, quarks are confined in a small space region in such a way that there 
is no fermionic current outside that region. The fermion field then fulfills the so-called bag 
model boundary condition. The Casimir effect in such a small region, of the order of 1.0 fm, 
is important to define the process of deconfinement in heavy ion collisions at Relativistic 
Heavy Ion Collider (RHIC), giving rise to the quark-gluon plasma 48(. The gluon field 
contribution for the Casimir effect is, up to the color quantum numbers, the same as for 
the electromagnetic field. For the quark field, the problem has been often addressed by 
consider the case of two para,,, p.ates QflH00g. 

As first demonstrated by Johnson ^ , for plates, the fermionic Casimir force is attractive 
as in the case of the electromagnetic field. On the other hand, depending on the geometry 
of confinement, the nature of the Casimir force can change. This is the case, for instance, 
for a spherical cavity and of the Casimir-Boyer model, using mixed boundary conditions for 



mixea boundary coi 



Therefore, 



the electromagnetic field, such that the force is repulsive 
the analysis considering fermions in a wave-guide (confinement in two-dimensions) and in 
a 3-dimensional box (confinement in 3-dimensions) may be of interest. We avoid here the 
approach based on the sum of quantum modes, that was so important in the calculation of 
the Brown and Maclay. Using, alternately, the method developed earlier Q] , we perform the 
calculation of the non-trivial problem of the Dirac field in a finite volume with the compacti- 
fication in an d- dimensional box, at finite temperature. We hope then that this possibility for 
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calculations may be useful in the general problem of fermions fulfilling boundary conditions, 
which are some times described by coupling with a static background field 62^ . 

In order to proceed, we have to adapt the methodology of calculations discussed earlier 
Q| , to encompass a generalized Bogoliubov transformation for fermion fields with the MIT 
bag model boundary condition; equivalent to an antiperiodic boundary condition [si]]. This 
is presented in Section 2, where we derive the energy-momentum tensor for the fermion 
field at T / 0, resulting, as an example, in the Stefan-Boltzmann law. This is the usual 
calculation of TFD for fermions; however it can also be interpreted as a confinement in the 
time axis, in such a way that the field is under anti-periodic boundary conditions. Using 
then this methodology for a Euclidian geometry, we can envisage a space compactification. 
The usual expression of the Casimir effect is thus calculated, considering a proper modified 
Bogoliubov transformation which will describe the confinement in the z-axis. The familiarity 
with this kind of calculation for these already known results will suggest to us a general form 
for a Bogoliubov transformation to describe space compactification in arbitrary dimensions; 
a subject developed in Section 3. In Section 4, we consider the first application of the 
energy-momentum tensor derived in Section 3: we calculate the Casimir effect considering 
that the fermionic field is confined between two plates at finite temperature. As a particular 
consequence, we reach the expression derived in Ref. [49| for the Casimir energy, following 
the Matsubara formalism. In Section 5 we address the problem of the Casimir effect for a 
rectangular wave guide, and some particular cases are analyzed, resulting, for instance, in an 
attractive or repulsive Casimir force on opposite faces depending on the relative magnitude 
of the edges of the wave-guide transversal section. In Section 6 we consider the field confined 
in a parallelepiped box, showing similar aspects as those appearing in wage-guides. We 
also determine the temperature at which the Casimir pressure in a cubic box changes sign, 
estimating its value when the edge of the cube is of the order of the proton diameter. In 
Section 7 some concluding remarks are presented. 

II. TFD REVISITED 

The general approach to be used here can be addressed through the following prescription, 
taken as a generalization of the TFD formalism [3, sUl^ . Given an arbitrary set of operators, 
say V, with elements denoted by Ai, i — 1, n, there exists a mapping describing a doubling 
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in the degrees of freedom defined by r : V — > V, denoted by tAt 1 = A, satisfying the 
following conditions 

(A i A j y=A i A j , (1) 

(cA i + A j y= c*Ai + Aj, (2) 

(4r= (3) 

(A i y=A l . (4) 

These properties are called the tilde (or dual) conjugation rules. The doubled Hilbert space 
has a new vacuum denoted by |0,0). Consider a a c-number associated with macroscopic 
parameters of the system such as temperature, (3 = 1/T (we shall show later that a may 
also stand for parameters describing the space confinement of fields as the distance between 
plates). The quasi-particles in TFD are introduced by a Bogoliubov transformation given 
by 

r>( v ( U ( a ) ~ V ( a ) \ / K x 

B(a) (5) 

with M 2 (a) + f 2 (a) = 1. 

For an arbitrary operator in V, we use the doublet notation [?| 

(A"(n)) = i ^ (a) I =L>(n) I "J, 1 . (6) 




A\a 

(A a (a)y = (A\a), 1(a)). (7) 

This notation is useful to calculate the propagator for the confined field. 

Here we are concerned with the energy-momentum tensor for a massless fermionic field 
given by 6^ 

T^(x) = (Omx')Yd^(x)\0)\ x ^ x 

= -Aid^G (x-x')\ x ^ x , (8) 

where S(x — x') = — i(0\T[ip(x)tp( y x')}\0) and G (x — x') is the propagator of the free massless 
bosonic field. In the 4-dimensional space-time (to which we shall restrict most of our analysis) 
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one has 

G (x) = J d 4 k e- ik x G (k) 

-i 1 

(27r) 2 x 2 — ie } 

where 

G (k) 



k 2 + is 

and the Minkowski metric has the signature (H ). With T M ^(x), we can introduce the 

confined (a-dependent) energy-momentum tensor T^ u( - ab \x; a) defined by 

T^ ab \x] a) = (T^ {ab \x; a)) - (T^ {ab \x)), (9) 

where T^ ab >{x] a) is a function of the field operators if)(x; a), ip(x; a), according to Eq. (j^J, 
and (•••) = (0, 0| • • • |0, 0). Let us then work out this tensor. 
Considering the TFD prescription 

S {ab) (x-x') 



, 64], we have 



S(x - x') 
S(x - x') 



with S(x — x') = —S*(x f — x). As a result, from Eq. (JHJ), we have 

T^ ab \x; a) = -Aid»d v [G^ b \x - x'; a) - G { ab) (x - x%^ x , (10) 

corresponding to a change in Eq. (|SJ), S^ ab '(x — x') by S(x — x'). The Green's functions in 
Eq. fjlUj) are given by 

G ( * b \x - x') = [ d A k Gf\k) e -**-(*-*') j 



(2^) 4 

where 

/ G (A;) 



and the a-counterpart is 

(x-x';a) = 
with 

G^(*;a) = S; 1 ^(a)GW)(*)sfJ(a) l 



G*(k) 



G ( o b \x - x'- a) = — \r I d 4 k G ( ° b) {k; a) e - iHx ~ x '\ (11) 
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where Bjf^ (a) is the Bogoliubov transformations given in Eq. (jSJ). Explicitly, the components 
of G^ b \k; a) are given by 

Gl\k;a) = G (k)+vl(a)[G* (k)-G (k)l 

Gl 2 (k;a) = G 2 \k;a) = v k (a)[l - ^(a)] 1/2 [G*(&) - G (k)], 

Gl 2 (k;a) = G*(k)+v 2 k (a)[G (k)-G*(k)}. 

The physical quantities are derived from the component G^{k\a). Therefore, the physical 
a-tensor is given by the component T^ 11 ) (x; a). 

Let us consider a simple situation in which a = (3 = 1/T . In this case Vk(f3) is defined 
through the fermion number distribution, that is 

e -/3fco/2 

= [i + e-^Ji/2 - 

Observe that we can write 

oo 

v 2 M = ^(-l) m e" w ; (12) 
1=1 

leading to the thermal Green's function, 

oo 

Gl\k; 0) = G (k) + J2(-l) l+1 e^ kol [G* (k) - G (k)}. 
i=i 

Using this result in Eq. (fTTj) we derive 

oo 

Gl\x - x'; (3) = G (x - x') + ^(-l) m [G*(x' - x + if3ln ) - G (x - x' - i/3ln )}, 

i=i 

where n = (1, 0, 0, 0) is a time-like vector. Therefore, from Eq. (fTU|) . we find 

oo 

T^ u \(3) = -4i^(-l) m <W[GS(x' -x + ipino) - G (x - x' - i{3ln )]\ x ,^ x . 



i=i 



Performing the covariant derivatives, this expression reads 



r^\p) = ±J2(- 1 ) 1 

1=1 



(13) 



Well known results for thermal fermionic fields can be derived from this tensor. For 
instance, the internal energy is given by E(T) = T 00 ( n )(/3), that is, 

£0O = ^T 4 , (14) 
7 



where we have used the Riemann alternating zeta-function 

z=i 

As another application, we derive the Casimir effect at zero temperature, by following the 
above calculations. For parallel plates perpendicular to the x 3 -direction and separated by a 
distance L, instead of Eq. (fT2j) . we take a = i2L, write 

oo 

vKD = J2(-l) l+1 e-^ 1 (16) 
i=i 

and use n 3 = (0, 0, 0, 1), a space-like vector. As a consequence, we derive 



A 00 



7T Z 

i=l 



(2Liy 

resulting in the Casimir energy and the Casimir pressure given, respectively, by 

7tt 2 1 



(17) 



E C (L) =T°°M(L) 



2880 L 4 ' 



P C (L) = T^ 11 \L) = -—— A . (19) 
c\ } 960 L 4 v ; 

Notice that the choice of a as a pure imaginary number is required in order to obtain the 

spatial confinement, while the factor 2 is needed to ensure antiperiodic boundary conditions 

on the propagator. In the next section we extend this procedure to the situation where 

multiple compactification of (imaginary) time and spatial coordinates are simultaneously 

implemented. 



III. COMPACTIFICATION IN HIGHER DIMENSIONS 

In this section we calculate the Casimir effect for massless fermions within a <i-dimensional 
(space) "box" at finite temperature. For sake of generality, we will consider the (1 + N)- 
dimensional Minkowski space. We then proceed by extending the results for the Casimir 
effect at zero and finite temperature derived in the last section. Supported by these 
calculations, we consider a generalization of v(at) (as given in Eq. (fT2|l) by taking a = 
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(cuo, oil, 0L2, oln) and writing 

N oo 

i=o « J= i 

N oo 

+ ^ ^ (_i)'j+k+2 f( aj }f( ar ) expliatjljkj + ia r l r k r } H 

j<r=0 lj,l r =l 

oo AT 

+ £ (-l)^ + - + '- +Af+1 /(«o)/(«i)---/(aAr)exp{z^a^}, (20) 

where /(a.,-) = for c^- = and f(atj) = 1 otherwise. This expression leads, within the 
TFD formalism, to the simultaneous compactification of any p (1 < p < N + 1) dimensions 
corresponding to the non null parameters otj, with ao corresponding to the time coordinate 
and a n (n = 1, ...,N) referring to the spatial ones. As we will see later, this expression is 
an immediate generalization from the results of the Casimir effect for two parallel plates at 
finite temperature derived by other methods. 
A more compact expression for vf(a) is 

N+l / s \ oo s 

= E £( n J E (-ir +E - W exp{^a CT i CT3 A; CTj }, (21) 

S=l {cr s } \n=l / l ai ,...,l as =l j=l 

where {a s } denotes the set of all combinations with s elements, {a±, cr 2 , ■■■cr s }, of the first N+l 
natural numbers {0, 1, 2, N}, that is all subsets containing s elements, which we choose 
to write in an ordered form with o\ < o 2 < ■ ■ • < a s . Using this v\{a) and generalizing the 
procedure delineated in Section 2, the (1 l)-component of the a-dependent Green's function 
in momentum space becomes 

N+l / s 

G l J{k-a) = G (k) + E (II /(«*») 

s=l {o- s } \n=l 



x Yl (-1) S+EUW exp^c^.Z^} [G*(k) - G (k)]. 

Taking the inverse Fourier transform of this expression and defining the vectors no = 
(1, 0, 0, 0, ...), ni = (0, 1, 0, 0, ...), n N = (0, 0, 0, 1) in the (l+iV)-dimensional Minkowski 
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space, Eq. (fTUj) leads to 

JV+l 



a) 



s=l {cr s } \n=l 



E (-1: 



£/Ti 1 ■ ■ ■ J(Ta 1 



Go(x' - x + ^ C- '>„. /„ T/,, ) - G (x - x ; - C- /, : 
i=i i=i 



(22) 



where £ CT . = +1, if <x,- = 0, and £ aj = — 1 for <jj = 1, 2, N. 

As we have noticed in Section 2, to get the physical situations of finite temperature and 
spatial confinement, «o has to be taken as a positive real number while a n , for n = 1,2, N, 
must be pure imaginary of the form i2L n ; in these cases, one finds that a* 2 = a 2 . Considering 
such choices for the parameters aj and using the explicit form of Gq(x) for the 4-dimensional 
space-time (corresponding to N = 3), we obtain 



a) 



4 

7T 



s=l {a s } \n=l 
1 



Or, 



,212 



[IV 



^ (-l) S+ Er=lW 

2 Ej', r=i( 1 + 



(23) 



Notice that the results given by Eqs. (JT3J) and (fTT|) are particular cases of the energy- 
momentum tensor given by Eq. (j2HJ), corresponding to a = {(3, 0,0,0) and a = (0,0,0,i2L) 
respectively. Another important aspect is that T^ u ^ u \a) is traceless, as it should be. In 
order to obtain the physical meaning of T^ ulyll \a), we have to analyze particular situations. 
Thus we rederive first some known (but not trivial) results considering N = 3. It is impor- 
tant to notice that Eq. (j21j) is the proper generalization of the Bogoliubov transformation, 
compatible with the generalizations of the Matsubara formalism, for the case of fermions. 



IV. CASIMIR EFFECT FOR TWO PLATES 



The situation of two parallel plates at zero temperature has already been analyzed in 
Section 2; for this case, taking a = (0, 0, 0, i2L), Eq. (|2l?jl reduces to Eq. (fTTj) and one 
recovers the standard Casimir effect. Let us then consider the case of two parallel plates at 
finite temperature. In this case, both time and space confinement need to be included; this 
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is done by taking a = (ft, 0, 0, i2L) in Eq. (J2HJ), where as before ft 1 = T is the temperature 
and L is the distance between the plates perpendicular to the x 3 -axis. Therefore we find, 

_ V r 1 ^ ~ 4 ^ ± ( 2L/ 3)V + 4gg|] 1 

p/ ) 2 + (2LZ 3 ) 2 ] 3 J" lj 

Using the summation (fTHjl . the Casimir energy i£ c (/3, L) = T 00 ^ 11 ^/^, L) is given by 



clP ' J 60 /5 4 2880 L 4 vr 2 f-< [(/3/ ) 2 + (2L/ 3 ) 2 ] 3 ' 



Taking the limit L — > oo, this energy reduces to the Stefan-Boltzmann term given in Eq. ()14j) . 
while making /3 — >• oo one regains the Casimir effect for two plates at zero temperature 
presented in Eq. ()18j) . The third term, which stands for the correction of temperature, 
remains finite as ft — > and so, as expected, the high temperature limit is dominated by the 
positive contribution of the Stefan-Boltzmann term. 

The Casimir pressure, P c (ft,L) = T 33 ^ u \ft, L), can be similarly obtained as 

clP ' } 180 /3 4 960 L 4 7r 2 ' {(ftkf + (2LZ 3 ) 2 ] 3 ' 1 ' 

It is to be noticed that for low temperatures (large ft) the pressure is negative but, as the 
temperature increases, a transition to positive values happens. It is possible to determine 
the "critical" curve of this transition, ft c = XoL, by searching for the value of ratio x = ft/L 
for which the pressure vanishes; this value, Xo, is the solution of the transcendental equation 

7tt 2 1 7tt 2 * °° <-" 2 *"^ 2 



I 4 lV+n (xQ 2 -3(2n) 2 _ 



180 x 4 960 tt 2 ^ [(x0 2 + (2n) 

given, numerically, by Xo — 1-45000. 

These results, which reproduce known features about the fermionic Casimir effect for 

I I 

parallel plates obtained following the Matsubara formalism |49(, suggest naturally, as we 
have pointed out before, the generalization of the Bogoliubov transformation in TFD with 
the expression given in Eq. ()21j) . In the following sections we shall discuss situations in which 
the field is confined in more than one space directions. We start describing the Casimir effect 
for the massless fermion field in a rectangular wave-guide, that is, considering confinement 
in two space directions. Then we address this problem including the effect of temperature. 

11 



V. CASIMIR EFFECT FOR A WAVE-GUIDE 



The situation of a rectangular wave-guide is defined here by considering the confinement 
along the x 2 and the x 3 axis. Then the Casimir effect at zero temperature is obtained from 
Eq. (J23J) by taking a = (0, 0, i2L 2 , z2L 3 ), that is 



U 2 =l v ; h=l 



- E (-D 



(^ 2 ) 2 [<r + 4n^] + (L 3 fc) V + 4n£n£] 



[(L 2 / 2 ) 2 + (L3/3 



(213 



+ 



4(L 2 / 2 )(L 3 /3)[n 2 t n^ + ^n: 



[(L 2 i 2 y + (L3/3) 2 ] 3 

Making use of Eq. (JT3J) , the Casimir energy, E C (L 2 , L 3 ) = T 00( - 11 \L 2 , L 3 ), is given by 

7tt 2 ( 1 1 \ 1 ^ (_l)fa+i3 



(27) 



E C (L 2 , L 3 



2880 V L 



4^^ [(L 2 / 2 ) 2 + (L3/3) 



212 ' 



(2? 



while the Casimir pressure , P C (L 2 ,L 3 ) = T 33 ( n )(L 2 , L 3 ), reads 



D , r r , 77T 2 / 3 1 \ 1 ^ 

^'^-- 2880 ^-^ + 4^ 

V 3 27 Ws=l 



b+t3 (L 2 Z 2 ) 2 -3(L 3 / 3 ) 2 
[(L 2 / 2 ) 2 + (L 3 / 3 ) 2 ] 3 ' 



(29) 



For a square wave-guide (L 2 = L 3 = L) , the Casimir energy and the Casimir pressure (in 
this case, T 33 ^ = T 22 ^) reduce to 



E C (L) 



( 



7tt 2 



Co 



V 1440 4vr 2 7 L 4 ' 



Pc(L) - " (nb + 4^) 



(30) 



(31) 



where the constant C 2 is given by 



00 



(-1) 



Z+n 



^ (Z 2 + n 2 )< 

Z,n=l v ' 



0.19368. 



We see that E c and P c for a square wave-guide behave, as functions of L, in the same way 
as in the case of two parallel plates, both being negative, but with the energy decreasing 
(increasing in absolute value) and the pressure increasing (smaller absolute value) in the 
wave-guide compared with the two plates situation. 
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On the other hand, if the case L 2 7^ L3 is considered, although E c remains negative 
whatever the ratio £ = L3/L2 is, it is clear from Eq. (}2*9"|) that the sign of the Casimir 
pressure depends heavily on the relative magnitude of L 2 and L 3 . In fact, a transition from 
negative to positive pressure is observed as £ is increased; this feature is presented in Figure 
n where we plot P c = T 33 ^ 11 ) for some rectangular wave-guides (characterized by different 
values of £) as a function of L (= L 2 ). These plots indicate the existence of a specific value of 
the ratio £, £o ; for which the Casimir pressure vanishes identically. This value is the solution 
of the transcendental equation 



2880 V£ 4 / 4tt 2 ^ v ' [I 2 + (£n) 



J,n=l 

which is given, numerically, by £0 — 1-37955; all rectangular wave-guides with the ratio 
between L 3 and L 2 equal to £0 have null Casimir pressure P c = T 33 ^ 11 ) . 




FIG. 1: The Casimir pressure, P c = T 33<yll \ for some rectangular wave-guides, as a function of L 
(= L 2 ): the full and the dashed lines below the horizontal axis correspond to £ = 0.8 and £ = 1.2, 
respectively; the dashed and the full lines above the horizontal axis refer to £ = 1.4 and £ = 2.0, 
respectively. 

It is important to notice that the same kind of reasoning applies to T 22 ^ 11 ) (L 2 , £3), which 
can be obtained from 7~ 33 ( 1:l ) by exchanging L 2 «-> L3. So the force on the faces of the 
wage-guide perpendicular to the x 2 -direction will also change from attractive to repulsive if 
the ratio L 2 /L 3 = increases, passing by the value £o- O ne sees that T 33 ^ 11 ) and T 22 ^ 11 ) 
will never be simultaneously positive; in fact, both are negative for ^q^ 1 < £ < £0 but they 
have opposite signs whenever £ > £ or £ < . It is also worth mentioning that, in a sense, 
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this transition is similar to the transition from negative to positive pressures for two plates 
as the temperature is increased; both come from the compactification of a second space-time 
coordinate. 

We now incorporate the effect of temperature in the wage-guide. To do so, we consider 
Eq. (|23|) with a = (/3, 0, i2L 2 , i2L%). Then the Casimir energy becomes 

E(8L L ) = 7 — — -l^(— + —\ + - ff i^ MlM 
clP ' 2 ' 3) 60 ^ 2880 \Lj ^ L\) ^ tt 2 1 J [(/3Z ) 2 + (2L 2 / 2 ) 2 ] 3 

* 2 ] [{(5hf + (2L 3 / 3 ) 2 ] 3 4vr 2 [(L 2 Z 2 ) 2 + (L3/3) 2 ] 2 

_± V f lV , 1+ ^ 3 3(^o) 2 -(2L 2 / 2 ) 2 -(2L 3 /3) 2 
^0,^=1 [(/3/ ) 2 + (2L 2 / 2 ) 2 + (2L 3 /3) 2 ] 3 ' 1 J 

while the Casimir pressure, is given by 



u / o t t \ 7vr 2 1 7vr 2 /3 1\ 4f M 



it0+fa (/3/p) 2 - 3(2L 3 / 3 ) 
[(/%) 2 + (2L3/3) 2 ] 3 



^ 2 lo j^ =1 [ W + (2L 2 / 2 ) 2 ] 2 + 4vr 2 ^ J [(L 2 / 2 ) 2 + (L3/3) 2 ] 3 

_± V r i)^, W + W-3(2I,l,) 2 
^wTHU [(/3/o) 2 + (2L 2 / 2 ) 2 + (2L 3 / 3 ) 2 ] 3 ' 1 J 

For simplicity we concentrate on the problem of a square wave-guide at finite temperature. 
As in the two-plates case, the Casimir energy passes from negative to positive values with 
increasing temperature, as expected since the Stefan-Boltzmann term dominates all others 
as (3 — > 0. Let us then look at the Casimir pressure P c = 7~ 33 ( n ) (= 7~ 22 ( n )), Taking 
L 2 = L 3 = L and defining \ — P/L, Eq. (}3"3"j) can be written as 

P C ( X , L) = g( X ) ^ (34) 

where 

aM = ^ 1 7vr 2 C 2 4 ^ +n ( x /) 2 -3(2n) 2 
yyX) 180 x 4 1440 2vr 2 tt 2 ^ k ; [( X l) 2 + (2n) 2 ] 3 



^ 2 ^[(x0 2 + (2n) 2 ] 2 tt 2 ^ j [( X /) 2 + (2n) 2 + (2r) 2 ] 3 - 1 > 



As in the case of two plates, the Casimir pressure in a square wage-guide passes from negative 
to positive values as the temperature increases, the transition point given by the value of 
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X, Xo, such that g(xo) = 0. One finds (numerically) xo — 1-60224, and so write down the 
critical curve f3 c = XoL. In the general case, L 2 ^ L 3 , increasing the temperature tends to 
make all diagonal components of T^ 11 ) positive. 

In the next section we analyze the Casimir effect for a massless fermion field confined in 
a rectangular parallelepiped box, taking into account the effect of temperature. 



VI. CASIMIR EFFECT FOR A BOX 



We now consider the field confined in a 3-dimensional closed box having the form of 
a rectangular parallelepiped with faces L\, L 2 and L3. At zero temperature, the physical 
energy-momentum tensor is obtained from Eq. (|23|) by taking a = (0, i2L\, i2L 2 , i2Ls). The 
Casimir energy is then given by 

7vr 2 / 1 1 1 \ 1 ^ (-i)h+h 



„ , _ _ _ , 7n z ( 1 1 1 \ 1 ^ 



2880 \Lf L% L\) ^ ^\{L x hy + {L 2 l 2 

61 ,42 — 1 



1 ^ (_i)«i+'3 1 ™ (_xy 2 +/3 

" 4^ ^ p^+WP" 4^ [(L 2 / 2 ) 2 + (L3/3) , 

i f> (-i) h+i2+/3 m 

4vr 2 f- =i [(-Mi) 2 + (L 2 Z 2 ) 2 + (L3/3) 2 ] 2 ' 1 ] 



\212 



and the Casimir pressure, P c = J' 33 ( 11 ) ) reads 



7n 2 ( 3 1 1 \ 1 °° 



7tt 2 




2880 




1 

I^ 2 

z 


00 

E 

1,Z 2 =1 


1 

i^ 2 


OO 

E 



, i+ , 3 (L^) 2 - 3(L 3 Z 3 ) 2 
[(L^) 2 + (L3/3) 2 ] 3 



1) /1+ ' 2 , JL £ ( _ 1} z 2+ z 3 ~ 3 (^ 3 ) 



^ 2 47r % 2 tli [(W + (W1 3 

. (L^) 2 + (M2) 2 - 3(L 3 / 3 ) 2 



/|/:!/; , ' [(Mi) 2 + (L 2 / 2 ) 2 + (L3/3) 2 ] 



(37) 



For a cubic box (Li = L 2 = L 3 = L), the Casimir energy and the Casimir pressure (now 
one has T 33 ( n ) = T 22 ( n ) = T 11 ^) become 



^ = -l^ + ^)p. (*») 
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where the constant C3 is given by 

00 

c = = £ (P+ ^ + r y H -°- 06314 

l,n,r=l ' 

One sees that both energy and pressure in cubic boxes behave similarly to the cases of two 
parallel plates and of square wave-guides; in Figure 121 we plot the Casimir pressure for all 
these symmetrical situations, for comparison. It is curious that, in the units we are using, 
the Casimir pressure is three times the energy for parallel plates, they are equal in a square 
wave-guide, while in a cubic box one has P C (L) = E c (L)/3. 

1 

. 5 



-0.5 



-1 . 5 




FIG. 2: The Casimir pressure, P c , for two parallel plates separated by a distance L (full line); for 
a square wave-guide with transversal section of edge L (dashed line); and for a cubic box of edge 
L (dotted line). 

Changing the relative magnitude of the edges of the parallelepiped box leads to similar 
effects as in the case of the rectangular wave-guide. For example, taking L x = L 2 = L and 
defining £ = L 3 /L, one can show that P c (L,0 = T 33 ( n )(L,£) vanishes for £ = £ - 1.15274, 
being negative for £ < £ and positive for £ > £ - However, as in the case of the wave-guide, 
^-22(11) ^_ yii(ii) j n p resen t situation) will be negative whenever T 33 ( n ) > 0. 

To treat the effect of temperature in the case of a box, all four coordinates in the 
Minkowski space have to be compactified by considering a = i2L\, 12L 2 , i2L 3 ) in Eq. (|23|). 
This amounts to the addition to Eqs. (J36)) and (J37j) terms involving (3 and the distances Lj 
like those appearing in Eqs. and (J33J). In the simpler case of a cubic box, one finds 
that the Casimir pressure changes from negative to positive values when the ratio x = P/L 
passes through the value Xo — 2.0323. The critical curves, (3 C = XoL, for all symmetrical 
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cases analyzed here (parallel plates, square wave-guide and cubic box) appear in Figure El 
One notices that the behaviors of T c x L, in all three cases, are very similar one to each 
other, with T c scaling with the inverse fourth power of the relevant length L. 




0.5 1 1.5 2 L 

FIG. 3: Critical curves for the transitions from negative to positive Casimir pressure, induced by 
the temperature, for: (i) two parallel plates separated by a distance L (full line); (ii) square wave- 
guide of transversal section of edge L (dashed line); (iii) cubic box of edge L (dotted line). In all 
cases, the points below the curves correspond to P c < 0, while above them one has P c > 0. 

On the basis of these results, we can estimate the temperature at which the Casimir 
pressure in a cubic box changes from negative to positive values considering the edge of the 
cube of the order of confining lengths for hadronic matter. Such an estimative provides a 
crude idea of the importance of Casimir effect in the deconfinement transition for hadrons. 
Taking L « lfm, a length of the order of hadron radius, one finds T c = (xoL)^ 1 ~ 100 MeV 
from quark degrees of freedom considering only one flavor quark. For a real hadron there 
are two flavors, u and d, each with 3 colors and an octet of gluons. In order to calculate 
the Casimir energy and pressure, the results for bosonic and fermionic fields have to be 
combined. 

VII. CONCLUDING REMARKS 

In this paper we have presented a generalization of the Bogoliubov transformation in 
order to describe a massless fermion field compactified in a d- dimensional box at finite 
temperature. We write the (traceless) energy-momentum tensor from which we calculate and 
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compare explicit expressions for the Casimir pressure and the Casimir energy, corresponding 
to different cases of confinement. The Casimir pressure at zero temperature for the cases of 
two parallel plates, square wave-guides and cubic boxes are negative (see Figure |2J), imposing 
then an attractive force on all faces of the volume confining the fermionic field. On the other 
hand, for rectangular wave-guides and parallelepiped boxes the pressure on opposite faces can 
be made positive, representing a repulsive force, by appropriately choosing the ratios between 
the edges of the rectangle and between the edges of the cube. However, at zero temperature, 
one cannot make positive the pressure for all opposite faces of the wave-guide or of the box 
simultaneously; this can be achieved only by raising the temperature sufficiently We have 
calculated the Casimir pressure at finite temperature for the cases of two parallel plates, 
square wave-guides and cubic boxes and determined the critical curves for these transitions 
from negative to positive pressures (see Figure EJ). Since repulsive Casimir force can have a 
direct influence on the description of quark deconfinement, we have estimated this critical 
temperature for a cubic box of edge equal to lfm (which is the order of magnitude of nuclear 
dimensions) obtaining T c « 100 MeV. It is important to emphasize that these results are 
only an estimate since these are based on the presence of one fermion flavor field in a cubic 
box. For realistic calculations, a spherical geometry with full account of the color and flavor 
degrees of freedom has to be considered. 

It is important to stress the simplicity of these calculations, that is c 
with the known results for the fermion Casimir effect; see for instance 22 
avoided usual procedures, the intricate method based on the sum of the quantum modes of 
the fields, satisfying some given boundary conditions. Indeed, instead of the sum of modes, 
we have used the generalized Bogoliubov transformation to define the Casimir effect which 
provides an elegant physical interpretation of the effect as a consequence of the condensation 
in the vacuum for the fermion field (in a similar fashion as was carried out for the case of 
bosons Taking advantages of these practical proposals, the method developed here can 

be useful for calculations involving other geometries with spherical or cylindrical symmetries. 
This analysis will be developed in more detail elsewhere. 
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